In the biharmonic submanifolds theory there is a generalized Chen's conjecture which states that biharmonic submanifolds in a Riemannian manifold with non-positive sectional curvature must be minimal. This conjecture turned out false by a counter example of Y. L. Ou and L. Tang in [12] . However it remains interesting to find out sufficient conditions which guarantee this conjecture to be true. In this note we prove that:
Introduction
Let f : (M m , g) → (R m+t , h) be an isometric immersion from a Riemannian manifold M of dimension m into an m + t-dimensional Euclidean space, where t ≥ 1 and H is the mean curvature vector field of M in R m+t . M is said to have harmonic mean curvature vector field if (cf. [7] ) ∆ H = 0, (1.1) where ∆ is the rough Laplacian on (M, g). We see that a submanifold with harmonic mean curvature vector field is a natural generalization of minimal submanifolds.
Another natural generalization of minimal submanifolds is as follows. The intrinsic bienergy of f is defined by
where τ (f ) is the tension field of f and dµ g is the volume element on (M, g). The critical points of the functional E 2 satisfy the following E-L equation ( see (2.7)) 3) where R N is the Riemann curvature tensor of the ambient manifold N and {e i , i = 1, ..., m} is a local orthonormal frame of M . A submanifold satisfying equation (1.3) is called a biharmonic submanifold and we see that submanifolds with harmonic mean curvature vector fields in Euclidean spaces are biharmonic submanifolds. A natural question concerning biharmonic submanifolds is under what conditions they are minimal submanifolds. We have the following generalized Chen's conjecture (cf. [4] [5] [6] [7] [11] [12] and [17] etc.). Generalized Chen's Conjecture. Any biharmonic submanifold in a non-positively curved manifold is minimal.
Though it turned out that this conjecture is false by a counter example of Y. L. Ou and L. Tang (cf. [12] ), it remains interesting to find out sufficient conditions which guarantee biharmonic submanifolds to be minimal. Recently N. Nakauchi and H. Urakawa proved: 
where B ρ (x 0 ) is the geodesic ball centered at x 0 with radius ρ and C is a positive constat independent of ρ.
Remark 1.5. We see that for any ρ there is a constant C ρ which depends on ρ such that About the volume growth of a complete Riemannian manifold, the most celebrated result is the volume comparison theory due to Bishop and Gromov. By Bishop-Gromov's volume comparison theorem, we see that manifolds with non-negative Ricci curvature have Euclidean volume growth (that is, s = dimM in definition 1.4 ) and hence complete biharmonic submanifolds with nonnegative Ricci curvature are minimal, by theorem 1.6. But the assumption of nonnegative Ricci curvature seems too strong. For volume comparison results of complete Riemannian manifold, we refer to a survey paper by G. Wei (see [19] ) and references therein.
We see all the above results give restrictions on the submanifolds. In the following we weaken the assumption of integral of the mean curvature vector field by giving a condition on the target manifolds which guarantees the generalized Chen's conjecture to be true. In the following we let B ρ (x 0 ) be a geodesic ball of M centered at x 0 of radius ρ.
) is a complete biharmonic submanifold in a Riemannian manifold (N, h) whose sectional curvature is smaller that −ǫ for some constant ǫ > 0 and
We say a function f : R + → R + is of at most polynomial growth, if f (ρ) ≤ C(1 + ρ s ) as ρ → ∞, for some positive constant C independent of ρ and s a positive integer.
If we look carefully at Ou and Tang's counter example (cf. [12] ) for the generalized Chen's conjecture we can see that their example is complete and the sectional curvature of the target manifold is negative and tends to zero at infinity.
Question: Is any complete biharmonic submanifold in a Riemannian manifold (N, h) whose sectional curvature is smaller that −ǫ for some constant ǫ > 0 minimal? For other type sufficient conditions which guarantee the generalized Chen's conjecture to be true, we refer the readers to papers [1] [3] [16] . In [3] , Caddeo etc. proved that any biharmonic submanifold in hyperbolic 3-space H 3 (−1) is minimal, and any pseudo-umbilical biharmonic submanifold M m ⊂ H n (−1) with m = 4 is minimal. It is also shown in [1] that any biharmonic hypersurface of H n (−1) with at most two distinct principal curvatures is minimal.
In a recent paper, G. Wheeler proposed a notion of ε-superbiharmonic submanifolds which is a generalization of submanifolds with harmonic mean curvature vector fields, as follows:
where ε ∈ [0, 1] is a constant. 
where B ρ is a geodesic ball of N with radius ρ. Then H = 0 and f is minimal.
We generalize this theorem to Theorem 1.11. Let N m+t be a complete Riemannian manifold. Suppose f : M m → N m+t is a proper ε-superbiharmonic submanifold for ε > 0. Assume in addition that f satisfies the curvature growth condition
where B ρ is a geodesic ball of N with radius ρ and a ≥ 0 is a constant. Then H = 0 and f is minimal. where a ≥ 0 is a constant. Then H = 0 and f is minimal.
Several words on the proof: The main argument in our proof is integral by parts. But compared with some other results in this line, instead of using integral by parts to the biharmonic submanifold equation, we integrate over the tangential part of the biharmonic submanifolds equation, and when we integrate by parts, we chose test functions more delicately and use the Young's inequality in a very subtle way.
Organization. In section 2 we give some preliminaries on submanifolds theory, harmonic and biharmonic maps. Theorems 1.2, 1.6, 1.7, 1.11, 1.13 are proved in section 3. 
where ∇ ⊥ is the normal connection and as is well known that B and A are related by
For any x ∈ M , let {e 1 , e 2 , ..., e m , e m+1 , ..., e m+t } be a local orthonormal basis of N such that {e 1 , ..., e m } is an orthonormal basis of T x M . Then B is decomposed at x as
The mean curvature vector field is defined as
where
Harmonic and biharmonic maps
Let f : (M, g) → (N, h) be a map from a Riemannian manifold (M, g) to a Riemannian manifold (N, h). The Dirichlet energy of f is defined by
where τ (f ) is called the tension field of f . A map satisfying this E-L equation is called a harmonic map.
To generalize the notion of harmonic maps, a natural way was proposed by J. Eells and L. Lemaire ( [9] ) in 1983. They considered the bi-energy E 2 (f ) := 
where ∆ is the rough Laplacian on (M, g), {e i , i = 1, ..., m} is a local orthonormal frame on M and R N is the Riemann curvature tensor of (N, h).
A map f : (M, g) → (N, h) satisfying equation (2.5) is called a biharmonic map. Further if f is an isometric immersion, it is called a biharmonic submanifold.
Assume that f is an isomeric immersion. we see {df (e i )} is a local orthonormal frame of M . In addition, for any X, Y ∈ T M , Therefore a biharmonic submanifold satisfying the following equation:
R N (e i , H)e i into its tangential and normal parts, we see that a submanifold is biharmonic if and only if it satisfies (cf. [2] )
where (R N (e i , H)e i ) ⊥ , (R N (e i , H)e i ) T denote the normal and tangential parts of R N (e i , H)e i respectively. In particular, if N is a space form of constant sectional curvature c, then a submanifold is biharmonic if and only if (cf. [8, 17] )
H e i = 0. (2.11)
Proof of theorems
In this section we prove our theorems.
Proof of theorem 1.2.
Proof. From equation (2.8) we see that
Obviously if N has non-positive sectional curvature,
where in the last inequality we used
A H e i , A H e i ≥ m| H| 4 , which can be seem as follows: Let x ∈ M , when H(x) = 0, we are done. If H(x) = 0, set e m+t = H | H| , then
Let γ : M → R + be a cut off function such that
, and |∇γ| ≤ C ρ ,
for some constant C independent of ρ. Here B ρ is a geodesic ball of radius ρ on M . By integral by parts and (3.1) one gets
where a, b are positive constants to be determined later.
On the other hand one has
where q is a constant belonging to (0, a + 2). By Young's inequality,
where C(a, q) is a constant depending on a, q. From (3.4)-(3.5) we obtain
Note that when q varies from 0 to a + 2, a + 4 −
2(a+4)
a+4−q varies from a + 2 to 0. Now by assumption we assume that for some constant p ∈ (0, +∞)
then we can choose q and a such that a + 4 −
a+4−q = p, and so
which implies that H = 0. This completes the proof of theorem 1.2. ✷ 3.2 Proof of theorem 1.6.
The proof of theorem 1.6 is quite similar to the proof of theorem 1.2. But we still give all the details.
Proof. From the beginning of the proof of theorem 1.2, we see that if N has non-positive sectional curvature or M is a hypersurface and N has non-positive Ricci curvature, then
where C is a constant independent of ρ. Therefore we have
Chosing a such that a > max{0, 2s − 4} and letting ρ → +∞ in the above inequality, we get
which implies H = 0. This completes the proof of theorem 1. Let γ : M → R + be a cut off function such that γ = 1 on B ρ , γ = 0 on M \ B 2ρ , and |∇γ| ≤ C ρ ,
for some constant C independent of ρ. Here B ρ is a geodesic ball of radius ρ on M . Then Set f (ρ) = Bρ | H| a+2 dµ g , from the above inequality we see that when ρ is big enough, we have f (ρ) ≤ C ρ 2 f (2ρ).
This implies that f (ρ) ≤ C ρ 2n f (2 n ρ), where C is a constant independent of ρ. By assumption we have f (2 n ρ) ≤ C(1 + 2 ns ρ s ) for some positive integer s, as ρ is big enough, hence f (ρ) ≤ C(1+2 ns ρ s ) ρ 2n
. Let 2n > s one gets lim ρ→∞ f (ρ) = 0, i.e. M | H| a+2 dµ g = 0. Therefore, H = 0. Furthermore, if M is a hypersurface and the Ricci curvature of (N, h) is smaller that −ǫ, then
On the other hand, by assumption we have
